Bounds for the annealed return probability on 
large finite random percolation clusters 

Florian Sobieczky 1 

Abstract: By an eigenvalue comparison-technique polynomial bounds for the ex- 
pected return probability of the delayed random walk on critical Bernoulli bond per- 
colation clusters are derived. The results refer to invariant percolations on unimo- 
dular transitive planar graphs with almost surely finite critical clusters. Estimates 
for the integrated density of states of the graph Laplacian of the two-dimensional 
Euclidean lattice follow. The upper bound which also applies to non-planar graphs 
relies on the fact that Cartesian products of finite graphs with cycles of a certain 
minimal size are Hamiltonian. The lower bound involves an upper estimate of the 
isoperimetric number ('Cheeger-constant') of finite graphs. 
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1 Introduction 



1.1 Purpose of the paper 

This paper is about the expected return probability of the delayed random walk on 
the finite clusters of critical percolation graphs. 

The asymptotics of the integrated density of states (IDS) of the graph Laplacian on 
percolation subgraphs of the Euclidean lattice has recently been studied in the sub- 
critical phase by Kirsch and Miiller [16], and the supercritical phase by Miiller and 
Stollmann [20]. The question of the IDS' asymptotics in the critical phase was left 
open. For the two-dimensional Euclidean lattive, we present upper and lower poly- 
nomial bounds. More generally, we find polynomial bounds for the expected return 
probability on finite critical percolation clusters on any planar transitive unimodu- 
lar graph. The upper estimates also hold in the non-planar case. For homogeneous 
trees, this bound is strong enough to prove a difference in the asymptotics of the 
expected return probability if compared with the incipient infinite cluster [4]. 

The method from which these bounds are derived are comparison theorems for 
random walks on finite graphs. For the upper bound, the speciality here is the com- 
parison of all the eigenvalues of the transition matrices. Taking into account the 
whole spectrum instead of only the spectral gap leads to an additional polynomially 
decreasing prefactor in front of the exponentially converging return probability. For 
the expected return probability another integration over all finite random clusters 
is involved. As in critical percolation the corresponding cluster size distribution is 
heavy-tailed, i.e. integral moments do not exist [3]. The result is a polynomial decay 
in time. For this decay the additional prefactor is an essential improvement. 

The comparison theorem is obtained from the property of Cartesian products of 
finite graphs with maximum vertex degree 5 and cycles C of size equal to 5 to be 
Hamiltonian [5]. Since removing an edge always shifts the eigenvalues of the graph 
Laplacian towards zero, comparison of the eigenvalues of the Cartesian product 
graph with a spanning cycle is possible. The reason for this is that the spanning 
cycle can be obtained by successive removals of edges. This cycle exists due to 
Hamiltonicity [13]. In addition to this fact, we will use that the return probability 
of a continuous time random walk on a finite Cartesian product graph factorises 
into the return probabilities on its factors. Since the return probabilities are known 
on the cycle, this gives a bound for the return probability on the original graph. 

For the lower bound, we resort to a result by Boshier [8] about the isoperimetric 
number of a finite graph (see [19]): This is an upper bound for the isoperimetric 
number of graphs with bounded genus. For planar graphs, this gives us a bound of 
the spectral gap from above by Cheeger's inequality. 
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1.2 Delayed Random walk on finite graphs 

We now recall some standard facts from finite random walk theory. We write No 
for {0, 1, 2, 3, ....}, and M + := [0, oo). Since we will assume \C a \ < oo, we will reserve 
subscript 'o' for objects defined in connection with finite graphs. 

Let G = (V , E Q ) be a finite simple graph, i.e. the vertex set V has finite car- 
dinality and there are no multiple edges in E a , nor are they directed or have 
coinciding incident vertices ('loops'). Let 5 be the maximal occuring degree, i.e. 
5 := max{ deg(f) | v G V a }, where deg(f) = \{w G Vq | {v,w} G E q }\. 

We define the discrete-time delayed random walk (DRW) on G Q to be the 
nearest neighbour random walk [24] with state space V Q , some initial distribution 
v G M. + i{V ), and transition probabilities P vw := (P(G )) VW with v,w G V Q , and 

f 1/5 {v,w}eE , 
(P(Go)) vw = I 1 - deg(v)/5 

[ otherwise. 

Recall that the transition probabilities of v to w after n steps is given by the element 
of the matrix-power (P n ) vw , for all v,w G V Q . 

The continuous-time version of the delayed random walk with coordinate-map X t is 
defined as the Markov-process on the right-continuous V Q - valued functions depending 
on t G K + , with some initial distribution v G Ai +t i{V ), and transition probabilities 

¥[X t = w\X = v] = (e-' (1 - p) )_, v,weV . (1) 

oo 

We note that {e~ t{1 ~ p) ) vw = E ( pn ) vw S e_< ' and that ( pn )vw is also the P ro " 

bability of X t to reach w from v conditioned on the event of there having been 
exactly n jumps up to time t. The number e~ l t n /n\ is the probability of that event, 
which is also characterised by t G [t n ,t n+ i), where t n is the sum of n independent 
exponentially distributed random variables ('waiting times') with parameter 1. So 
( e ' t(1 ' P) ) vw = EZonXt = w\X = v,te [t n ,t n+1 )]F[t G [t n ,t n+1 )}, (see [21]). 

Finally, we note that choosing the initial distribution v G M. + ^{V ) to be the uni- 
form distribution, i.e. X ~UNIF(C ), and v({v}) = l/\V \ gives the return 
probability as the value of a normalised trace 

F[X t = X ] = Y: (e- t(I - P) ) vv |^| = ^Tr[e-^)], (2) 
vev lv ° l lv ° l 

as F[X t = X ] = Y^veVo = X \X = v}F[X = v], and P[X = v] = ^. 
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1.3 Invariant percolation on unimodular graphs 

We now define the setting for which the results of section 2.1 will be applied (see 
section 2.2). 

Let G = (V, E) be an infinite simple (see above) graph, which has a transitive, 
unimodular subgoup Y of the automorphism group Aut(G). 'Transitive' means 
vertex-transitive, here, i.e. for all v,w G V, there is an automorphism 7 G T, s.t. 
w = 7(f). 'Unimodular' means that the left Haar measure of T is the same as the 
right Haar measure. We call such a graph a unimodular graph. 

A well-known result for unimodular graphs is the so called mass-transport-principle 

(see [18], [7]). It says that for all T-diagonally invariant functions (/(7(f), j(w)) = 
f(v,w) for all 7 G r) it holds that 

wev w^v 

Let now (fl, J 7 , jj) be the probability space with Q = 2 E the two-valued functions on 
the edges and J 7 = ®eFo the product a— algebra with T = {0, {0}, {1}, {0, 1}}. 
On J 7 , we consider a probability distribution /i : T — > [0, 1] with the property of 
T-invariance: 

12(A) = //(7(A)), for all A e J 7 , 7 e r. 

In this way, for any fixed u G Q, we obtain a random subgraph G'(uj) < G = (V,E), 
of the form G'(u) = (V, E'{u)), where 

E'(oo) = { e G E I u(e) = 1 } = 

A subgraph of G in which only edges are removed is called a partial graph of G. 
Therefore, with every wGfl, we associate the random partial graph 

G'(u) = (V,u J -\{l})). 

We call the pair {G, //) an invariant percolation /iona unimodular graph G. 

We will now fix an arbitrary vertex 06 V, the 'root', and look for fixed u G f2 at the 
connected component of the graph G'(uj) which contains o, and call it C (ou). Since 
we will assume \C \ < 00, we will be interested in invariant percolation measures \i 
with /x-almost surely finite connected components, i.e. 

H({uu G Q I |C (w)| < 00}) = I. 
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Examples: a.) Bernoulli Percolation on the Euclidean Lattice: G = (Z d , N.N.) , 
and jj, is the product measure on Q: fj, — ® e6 £;vr e , where ir e : T — > [0,1], and 
p = n(w(e) = 1) G [0, 1], for all e G E. It is well-known that for sufficiently 
small p, the connected components are a.s. finite ('subcritical regime'). Also, in 
the 'supercritical regime' or the 'critical regime', for which /i(|C | = oo) > 0, we 
may condition on the event A := {u £ Q \ \C Q \ <oo}. The conditional measure 
fJ-('\A) = fl A)/fj,(A) is also T-invariant. It is a celebrated result that Bernoulli 
bond-percolation has almost surely finite cluster in the case d = 2. 

b.) Bernoulli Percolation on homogeneous trees. The Bernoulli percolation measure 
/iona homogeneous tree of degree 5 is invariant under the action of any transitive 
subgroup of its automorphism group. It is well-known [11], that for critical percola- 
tion on the binary tree, we have that the P[|C G | > m] ~ m~2. 

Now, we define the delayed random walk on a random partial graph: Given u G 
Q, consider the finite subgraph of G'(u) induced by C (uu), i.e. (using a standard 
notation) consider 

G (u) := G\u)\C {u). 

As discussed in Section 1.2 this induces a random finite random walk with random 
state space C (u>), random initial distribution G A4 +t i(C (u>)), and correspond- 
ing random return probabilities 

^:-(TOL, (3) 
which form a |C (u;)| x |C G (w)| matrix, where |C (cj)| is /i-a.s. finite. 



The random continuous-time random walk is formed analogously to the procedure 
of section 1.2, with G Q = G (uo). Choosing v^> G M. + ^(C (oo))as the initial dis- 
tribution of the process to be the uniform distribution on C Q (u), the random 
continuous-time return-probabilities turn out to be (compare with (2)) 



P[X, H = X^'} = 



Mi 



1 



\Co(w] 



F Tr[e 



-t(I-P(w))i 



where P(u) = ((P (w) ) m ) with v,w G C (u>) is the transition probability matrix (3) 
of the random discrete-time random walk on C (u). 



We are interested in the expectation value of the return-probabilities 

P t (/i,o) = E p 



Note: P t (ii,o) — > E P [1/|C |], as t — > oo. So, the large-time limit of P t (fi,o) is n(p), 
the spatial density of the number of connected components. 
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2 Results 



We first present our estimates for finite graphs in section 2.1, and then apply them to 
estimate the expected return probability in section 2.2. Sections 2.3 and 2.4 contain 
the applications concerning the integrated density of states and the expected number 
of open clusters per vertex. 



2.1 Bounds of the Return Probability on finite graphs 

Theorem 2.1. Let G Q = (V Q , E ) be a simple, finite, connected graph with N vertices 
and largest degree 5. Let X t be the delayed random walk on G Q , and (3 2 the second- 
largest eigenvalue of its transition kernel. For Xq ~ UNIF(V ), and k e {!,-••, N— 2} 



N N V 32 y/t V(^ + 2 )<^ 2 



x v , 1 «• k m R s 5 2 (5 + 2)N ( 32tk 2 

ii.) F[X t = X ] < - + S'-e-^-M + \ ; -exp / 



N N lQt k 1 \ (5 + 2)5 2 N 2 

Hi.) If additionally G Q is planar, and N > 288, 

x exp (-tK/VN) 
¥[X t = X ] > — + withK = 12V2-S. 



These bounds allow choosing an optimal value of k, if something about the rela- 
tion of 02 and iV is known. If k in Theorem 2.1, i.) and ii.) is of the order of 
N, the bound is qualitatively the same as the obvious estimate resulting from using 
the Poincare inequality 1-/^ > <5/(4iV 2 ) for all j G {2, ...,N} (see [22], chapter 3.2). 



2.2 Annealed Return Probability on finite Percolation Subgraphs 

Let P t := -P°(/i) := E M P[X t = o \ X = o] denote the expected return probability 
of continuous-time delayed random walk on C {u). 

Theorem 2.2. For (j, being any invariant percolation on a unimodular transitive 
graph G = (V, E) , let A, B,a,b > 0, with b < 1 such that for all m GN 

Am- a < P[|C G |>m] < Bin 4 . (4) 

i.) Then there exists C > 0, such that for all a with < a < b 



E„ 



\Co\ 



< C ■E lx [\C \ a ] t^( 1+a ', where C = 275(5 + 2). 



ii.) If it is additionally assumed that G is planar, K as in Theorem 2.1, fort > y288 



D . f -2o(l+l/6) < p 



E, 



\Co\ 



where D = e 



-K 



A/2 



1 + (2B/Ay/ b ' 
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Corollary 2.3. Consider P t , the expected return probability of the delayed random 
walk on finite percolation clusters of critical Bernoulli bond percolation: 

i. ) For the 2- dimensional Euclidean lattice, there is C 2 > such that E[|C D | a ] < oo ; 

and for t > 

c 2 l r {l+a ~ 1] < p t - e,[i/\c \] < c 2 E,[\c nt-^ 1+a) . 

ii. ) For the homogeneous tree of degree 5, there is e, Cs > 0, such that for t > 

Cs'r 3 < P t - E„[1/|C |] < CsE^[\C \^]t--^. (5) 

Remark: It is easy to show that given < b < 1, the condition P M [|C | > m] < 
Bm~ b for some B > implies E^[|C D | a ] < oo for all < a < b. 

Corollary 2.3 ii.) is interesting when compared with the results obtain by Barlow and 
Kumagai [4] [2] for the asymptotics of the simple random walk on the incipient infinite 
cluster on trees. They have shown that the expected return probability is - regardless 
of the degree - of the orde of t~ 2 / 3 . Since (5) shows an upper bound for P t — E M [1/|C C |] 
that can be chosen arbitrarily close to t~ 3 / 4 , it is shown hereby that already the 
expected return probability displays a different behaviour of a delayed random walk 
on the finite clusters converging to its invariant distribution. That the difference in 
the asymptotics doesn't come from the difference in the definition of the simple and 
the delayed random walk shows Lemma 1.6 of [23], which proves the equivalence 
of the asymptotic types of corresponding to expected return probabilities, as long 
as they are polynomial and there is a maximum degree 5. This follows from the 
following: Letting Y t be the simple random walk on G (ui) (see section 1.3), it holds 

E^[Y t = Y ] < E^iXt = X ] < E^[Y t/5 = Y \. 

For the recently debated question of the locality of critical percolation [6] this may 
be of importance: as a nearest neighbour random walk at time t > has almost 
surely travelled only finitely far, there is no information about wether the random 
state space will be infinite (as in the incipient infinite cluster), or finite, as in the 
regular percolation clusters on non-amenable graphs (such as the tree of degree 5). 

2.3 Integrated density of states for 1? 

Let again fi be an invariant bond percolation on the 2-dimensional Euclidean lattice 
G = (Z 2 , N.N.) with a /i-a.s. finite percolation cluster C Q with a size-distribution 
obeying (4). 

Let N(E) be the integrated density of state of the graph Laplacian L(uj) of the 
percolation subgraphs G'{uS), i.e. for Atv = {—N + 1, iV} 2 the limit 
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N(E) = lim-^#{A Eigenvalue of L An (uj) < E} 

exists, where L An {oj) is the graph Laplacian of the finite induced subgraph G'(u>)\An 
(see [16]). Then the following theorem holds: 

Theorem 2.4. There is C 3 > 0, s.t. for E > sufficiently small the integrated 
density of states E h-> N(E) of the graph Laplacian obeyes 



This result ought to be compared with Theorem 1.14 of [16], in which the asymp- 
totics of the integrated density of states for sub-critical Bernoulli bond percolation 
on the Euclidean lattice is proved to have bounds of the form 

exp(-a_/v / ^) < N(E) - N(0) < exp(-a+/VE), 

for E > sufficiently close to zero, for some > 0. It is plausible, that such 

(also lower) polynomial bounds hold in higher dimensions, too. 



2.4 Number of open clusters per vertex 

A central theme in percolation theory on the Euclidean lattice G = {if, N.N.) 
('N.N.' means nearest neighbours) is the so called number of connected compo- 
nents per site. Given a finite box A at = {— iV+ 1, N} d , and the number M N (oo) 
of connected components of the induced subgraph G'(u)\An, the /i-a.s. existence of 
the limit 

k(p) = lim 



AT-s-oo |Ajv| 

and its almost sure independence of u 6 has been shown by Grimmet [12]. Its 



value equals n(p) = E 



i- 1 



\Co\ 



Note that the number 1/C (u) is the value of the 



density of the uniform distribution on C (oo). 

Grimmet [12] has given upper and lower bounds for k(j>) in the case of Bernoulli 
percolation on the Euclidean lattice. They entail expansions which are not converg- 
ing quickly in the regime of the retention probability p being close to the critical 
value. We present the consequences of our bounds in terms of the expected cluster 
size X (p)=E M [|C|]. 
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Theorem 2.5. Let fx be sub-critical Bernoulli bond percolation on the d- dimensional 
Euclidean lattice G = (Z d , N.N.) with almost surely finite connected components. Let 
X(P)=E^\C \]. Then 

Pt ~ c^f < K{p) < P t . (6) 

mthc = mm{ %(d 2 + d + 8), 108d(d+ 1)}. 



Remarks: The power of the method for the upper bound (mainly due to Lemma 
3.3) becomes visible if one compares Theorem 2.5 with the simple bound obtained 
by using Poincare's inequality for A, together with A < 1 — f3j, for j > 2: In this 
case P t — k(p) < E^[e~ t<5 /( 4 I C °I )], and we would get the bounds 



P t - (2/d)^^ < K (p) < P t . 

For the assymptotics to be of order ~ t -1 , the second moment appears in the con- 
stant, not the first, as in (6). 



3 Proofs 

3.1 Auxilliary results 

Lemma 3.1. If E^ refers to the integration over all partial graphs uj G Q, 

E^ [F [X t = o}} = E, [F[X t = X }} . 

Proof: (see [23] for more detail) Let C v be the connected component of H(u) con- 
taining the vertex v G V. Since the Euclidean lattice is a graph with a unimodular 
group of automorphisms, by the mass-transport-principle [7, 18], the left-hand side 
equals 



5> 



\c I 



5> 



K[X t 



\C I 



5> 



X-{veCo} 
\C I 



since v G C Q o G C v , which equals the right-hand-side. 



□ 
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JV— 1 

Lemma 3.2. For N > 3 and k G {1, N — 2}, let I t (k, N) := £ e^ 1-008 **). 

j=k+l 

Then 

i.) I t (k,N) < l^^ t e- 2t ^, and (7) 

it.) J t (fc,JV) < ^e" 2 *^. (8) 
Proo/: From cos7r:r < 1 — 2x 2 if x e [0, 1] we obtain by following [22], (Ex. 2.1.1) 

N-l 00 00 

J2 e -t(i-cos^) < [e-v&fc < JL [ e~y 2 dy (9) 
i-fc+i ^ V2t J 

oo oo 

< -^=e" 2t ^ je-y 2 - 2 ^ydy < ^f 2t ^ J ' e^dy, 
which proves (7). Moreover, we have 

oo oo 
z z 2 v 

Applying this inequality to the right- hand- side of (9) with z = ^j^- gives (8). □ 



o 



oo 



Lemma 3.3. Let G = GxOGy be the Cartesian product of the simple, connected, 
finite graphs Gx, Gy. Let X t be the continuous-time delayed random walk on G with 
uniform initial distribution on the vertices of G. Let X t and Y t be the continuous- 
time delayed random walk on Gx and Gy, also with uniform initial distribution on 
the vertex-sets of Gx and Gy, respectively . Then 

¥[X 2t = X ] = ¥[X t = X ]-F[Y t = Y ]. 



Proof: Let N = \V(G X )\, and M = \V(G Y )\. Let P x and P Y be the transition 
kernels of X t and Y t , respectively. For the delayed random walk on G, with equal 
transition weights across edges of type {(x, v), (y, v)}, and {(x, v), (x, w)} (where 
x, y G V(G), and v,w G V{H)), the transition kernel is given by \{P X ®^ + I(g)Py) 
(see [24], chap. 18). Therefore, 

PLY' = X'] = -J—lvre-^-s^® 1 + ^))1 = ^^Tr[e-'^ p ^) ® e^ 1 "^! 

N ■ M 1 N ■ M 1 J 

= ^Tr[e-^- p ^} ^Tr[e-^- p ^} = F[X t = X ] F[Y t = Y ]. □ 
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Lemma 3.4. Let 4> ■ N ->■ R +; s.i ]T 4>{k) = 1 tuitt $(m) := ]T Let t/iere 

fc=0 k=m 

exist A, B,a,b e M+ snc/z £/iai A < $(m) < /or a// m G N. T/ien 



y l^k) > ^— , ™^ c= (A/ ^I" 1/6 . 



k=rn 



Proof: 

00 1 ^ 1 1 1 / A H \ 

Z- m > j:- m > _ Wm) _^ L+1))) > _ ) 

fc=m fc=m 

We set L > to be the real value L, such that the parentheses on the right-hand 
side are exactly | • A/m a , i.e. L := (^) 1,/6 m a / b . Now, by defining L_ := |_£J and 
L + :— L_ + 1, we have as a lower bound for the right-hand side 

L_ Vm a (L+) b ) ~ L \m a j} ) ~ m a/b (M) 1/b 2m a ' 
3.2 Proofs of main results 

Proof .-{Upper bounds, Theorem 2.1) By the Theorem of [5] (see also the discussion in 
[9]) the Cartesian product G := G Q DCs is Hamiltonian. Let Y t be the continuous- 
time delayed random walk on the cycle C§ of order 5, with transition-kernel Py. 
Since 1/5 < F[Y t = Y ] = (l/5)Tr exp(-t(I - P Y )) < 1, and from Lemma 3.3 it 
follows 

F[X 2t = X ] < ¥[X t = X ] < 5 ■ F[X 2t = X ], 

where X t is the continuous-time delayed random walk on G. By Theorem 1 in [13], 
the eigenvalues of the transition kernel P of X t can be compared with the eigenvalues 
of the delayed random walk on C$n] namely, 

Pi < 1 ~g^2 O" 00827 "^)' (j£{h..,5N}), (10) 

where 1 = fli > /3 2 > fa > Pa > ... > (3$n are the eigenvalues of P, and iV = |V(Gr )|. 
The factor 2/(5 + 2) in front of 1 — j3j results from the regularisation with loops, 
characteristic of the delayed random walk on a graph (G) with maximal degree 5 + 2, 
where the extra 2 comes from taking the Cartesian product with Cs (see [23]). Note, 
the eigenvalues of P are f3jj = + cos(27r(/ — l)/5), with j e {!,..., N} and 
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I E {!,..., 5}. From (10), 



5F[X 2t = X ] = ±Tr[e- 2t ^} 



N 8 

K/%+cos(27r(i-l)/5))) 

N 

j=l i=l 

k+1 . SN 



1 N 5 

= 4 EE 6 " 2 " 1 " 1 ' 



— 7V V ' AT ^ 



N ^— ' AT 

J=2 j=fc+2 

< l(i + ( s.jfe e -i(i-&)) + _± V e-^ (1 - cos2 "M (11) 

j=k+l 

Then, Lemma 3.2 i.) and ii.) for I t (4t/(5 + 2),5N/2) yields the claim. □ 

Remark: (Theorem 2.1) For 1 — /3 2 we have the standard lower bound given by 
the Poincare inequality. The delayed random walk has the same spectrum as the 
simple random walk on the path 'decorated' with loops to yield a regular graph 
of degree 5 [23]. In particular, 1 - fi 2 > 1 - (1 - 2/5(1 - cos(ir/N))) > 4/(5N 2 ), 
by cos7ra; < 1 — 2a; 2 for x G [0,1]. If k G {1,...,N - 2} in (11) is chosen such 
that ^2 < ^ + 3 2 2 ^ 2jv2 , or, equivalently k 2 > 5(5 + 2)/8, then the first exponential 
term exp(— t(l — (3 2 )) has weaker decay than the second. We see this is the case 
for a number independent of N. Therefore, provided that N is sufficiently large 
(N — 1 > 5(5 + 2)/8), even if nothing else is known about f3 2 , Theorem 2.1 is an 
improvement over simply using f3 2 > j3j for j > 2 and the Poincare inequality for 
1 — f3 2 , which would be the bound corresponding to k = N — 1 and the second term 
in (11) vanishing. 

(Lower bound of Theorem 2.1): For a given finite simple graph G Q = (V ,E ), let 
I (G ) be the isoperimetric number (or 'Cheeger- const ant') of G , defined by 

I (G ) = mm 



ACVo : |A|<I|V | \A\ 

where dc A = {{k,l} e E Q \ k e A, I A} is the edge-boundary of A in G Q . 

By a theorem of A.G. Boshier [8] the isoperimetric number / for graphs with genus 
bounded by g obeyes / < 3% + 2)/( v / |K|/2-3(# + 2)) if |K| > 18(# + 2) 2 (see [19] 
for a discussion). From this result it follows that for plane finite graphs G Q (where 
g = 0) it holds if \V \ > 4 • 72 that 

I < K/VWol with AT = 12V2-5. (12) 
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By Cheeger's inequality (see [22], Lemma 3.3.7), the spectral gap A = min^ const 
(v, (1 — P)v) I (v, v) = 1—02 for the delayed random walk with transition probability 
matrix P can be estimated from above, 

A < I. 

By (12) this implies for plane graphs a lower bound on the return probability of the 
continuous-time delayed random walk with the uniform distribution as the initial 
distribution. We have F[X t = X ] - 1/\V \ is 



F[X t = X ] 



| Vo| t _K 



|Vo| 



J=2 



I Vol' 



\Vo\' 



□ 



(Lower bound of Theorem 2.2): Compare this with [10], Lemma 2.2 and [24]. Let G 
be transitive, with a unimodular, transitive subgroup of Aut(G), the automorphism 
group of G. Given u E Q, for G'iu) being the whole percolation subgraph of G, the 
graph G is the connected subgraph of G'(u>) induced by C (u), i.e. V Q = C (u>). 

In what follows, we will drop the dependence on u, wherever it doesn't cause con- 
fusion. For example, we write C Q instead of C (u). 

From Theorem 2.1, iii.), since G Q is almost surely finite, there is a lower bound for 
the expected return probability of the delayed random walk. Namely, for 



1 


= E M 


tK 




l\Co\_ 




l\Co\ 



E li \P[X t = X ]] - E„ 

and due to the assumption t > y/288, we have the lower bound 
1 



l\Co\ ^ 



\Co\>t 2 



OO -. OO - 

1 ^IK. _ K ^ — \ 1 

— e y/™<f>(m) > e > — M 
m m 

m>t 2 m>t 2 



m). 



The lower bound of Theorem 2.2 now follows by Lemma 3.4, with D = e K l+ ^J A y/b 
and by applying Lemma 3.1. □ 

(Upper bound of Theorem 2.2) By assumption, \i is invariant under a unimodular 
transitive automorphism group of G, and there are almost surely only finite clusters. 
In particular /i-a.s. \C \ < oo. 

Let N = \C \. We differentiate between two cases: one, where A is larger than 
some positive constant, the other when it becomes smaller, as the cluster size grows. 
Starting with the latter, we assume [-A^v^aAJ + 1 < N — 2, where q = 5 2 (5 + 2)/32. 
We choose k in Theorem 2.1, L), such that 

32 k 2 
X := 1 " ^ " 5 2 (5 + 2) ' W 
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This is accomplished if we set k = [N^/qX\ + 1. (Note, k < N — 2.) This choice 
implies Ny/qX < k < 1 + Ny/qX. Setting c = \Jnq/2, it follows 

P[*t = Xo] < ^ + ((^ + V 7 ^) + e"*. (13) 
From e _:E < y^/x^ and e~ x < ((y — 1/2) / 'x^' 1 / 2 for y > |, we get 



JV \ \N\y xv- 1 / 2 J Xv- 1 / 2 

Now using the Poincare inequality A > 5 /(AN 2 ), we obtain the following estimate: 
1 N 2 ^ 1 

< T? + C ^^— > ( 14 ) 



with 



C5 



Since < 6 < 1, and from the exponent 2y — 1 of N in (14), we see that by the 
remark after Corollary 2.3 we can assume 1/2 < y < 1. This leads to the upper 
bound c s < 8 • (8 + + v 7 ^/ 2 )) < 95(5 + 2), if 5 > 3 is taken into account. We 

get the lower bound c$ > 2\/5(5 + 2) by using that the function y (->■ y y is bounded 
below by |. 

Now, turning to [A^v^J + 1 > A?" - 2, which is equivalent to A > (1 - 3/N) 2 /q > 
1/(16?) if JV > 4. If jV < 4, we have the Poincare inequality A > 5/(AN 2 ) > 5/36. 
So, in both of these two cases, the function t >->■ W[X t = X ] — 1/N is decreasing 
exponentially fast. Since it is smaller than 1, the overall estimate covering all three 
possibilities (including the polynomially decreasing one) is given if the constant 
c<5 > 1 in (15) is multiplied by three. 

Taking the expectation of both sides of the inequality and applying Lemma 3.1 
yields the result. □ 

(Corollary 2.3, i.), Upper bound): Since Bernoulli bond percolation on the Euclidean 
lattice is invariant under the unimodular transitive group of translations of the Eu- 
clidean lattice, this is a special case of Theorem 2.2. The result follows from the 
well-known fact [11], that there exists a > 0, s.t. E M [|C D | a ] < oo. (From [15 it follows 



14 



that a < 1/5). 



□ 



(Corollary 2.3, i.), Lower bound): By the power law inequality $(m) = P M [|C G | > 
m] > \ m~2 (see [11], Theorem 11.89), we have a — \ in (4). By Theorem 2.2, and 
since a < b the given estimate follows. It is valid for allt > due to the ability to 
choose the constant C 2 so large that C 2 ~ 1 (288)- (1+1/o) = 1. □ 

(Corollary 2.3, ii.), Upper and Lower bound): It is well-known that for the homoge- 
neous tree of finite degree, a — b — \ (see [1], [17], and [3]). Just as in the previous 
proof, the constant C$ can be chosen so large, that the estimate is valid for all t > 0. 

□ 



(Theorem 2.4, Upper bound): The integrated density of states N(E) obeys [16, 20, 
23] the relation / °° e~ tE dN(E) = E^[F [X t = o}], such that by Theorem 2.2, i.) 

e~ u {N{t) - N(0)) < J e~ tE dN(E) < P t - k < c 4 E M [|C | a ] t~ v , 



where v = 1(1 + a), with a such that E M [|C | a ] < oo, and c 4 = (8 + y/3i?). Choosing 
t — vje and thereby optimising the upper bound for N(e) — N(0) leads to the result. 

(Theorem 2.4, Lower bound): Again, by J °° e~ tE dN(E) = E M [P D [X t = o]], Lemma 
3.1 and Corollary 2.3, with a > s.t. E[\C \ a ] < oo, 



cv 1 



£(1 + 1/. 



< J e~ tE dN(E) < J dN(E) + e~ te J dN(E) < N(e) - N(0) + e~ te . 



Therefore, N(e) - N(0) > \C 2 H-( 1+1 /^ - e^. Choosing t = -(c/e) loge for e > 

produces the result if, for example, c = 2-(l+l/a). Then C 3 = max{C 2 ^ 1 /(cloge) 1+a 1 , 
c 4 E[\C \a]}. ' " □ 

(Theorem 2.5) Bernoulli bond percolation on the <i-dimensional Euclidean lattice 
is a percolation invariant under the unimodular translation group of the lattice. 
The degree is 5 — 2 ■ d. Assuming sub-critical Bernoulli bond-percolation, we have 
existence of the first moment of the cluster size. By repeating the argument of the 
proof of the upper bound in Theorem 2.2 (which lead to (13)) with 2.1 ii.) instead 
of 2.1 i.), yields with q = A/(d 2 (d + 1)) 



Co 



+ E^ 



2dk * 2 \C \ ( qtk' 

e i c °i + — exp 



I Cq I qik \ | Cq 



Now, choosing k — 1, and using exp a; < 1/x for x > gives 
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E M P[X t = X ] < E, 

Calling k(p) = E M [1/|C |] (note the difference to [12] regarding the clusters which 
consist of only one vertex), letting x{p) := E^[|C D |] and realising 2d + 2/q = 
j(d 2 + d + 8), leads to the lower bound after a subsequent application of Lemma 3.1, 
and a rearrangement of the terms in the inequality. 

The other constant 275(5+2) = 108d(d+l) follows from the method used for proving 
the upper bound of Theorem 2.2, and by setting a in E p [|C | a ] < oo equal to one. The 
upper bound follows from the observation that P t — n(p) = E (U [(l/]C )|Tr exp(— t(l — 
P))} > 0, since 1 — P has only non-negative eigenvalues. □ 
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